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Abstract-Due to the inelastic behavior of beam-to-column connections. the critical behavior of
semi-rigid frames is affected not only by the loading and unloading characteristics of connections
al the critical points. but also by their load history up to these points. Thus. the stability analysis
of frames of this type "'-'\:omes very complicated. compared with pinned or rigid frames. Herein. we
shillll'resent a refined methl'd whil'h can accurately analyze the inelastic. critic••1behavior l,f semi
rigid fmmes. i.e. bifurcation ilnd limit load instability. This method can also take into account the
Il.ad history caused hy cyclic loading. Using the prol'l.sed metl\lld. the rl'Ctilngular semi-rigid frames
with or wilhout the Il'ad hisll.ry llUl: Il' t:yclic wind Il'ad are precisely analyzed Il' e:\ilnline their
inelastic critical behavior.

I. INTRODUCTION

It is generally assumed in a conventional analysis of steel fr:tmeworks. that the beam-to
column connections arc either fully rigid or ideally l1exible. Although these assumptions
arc simple and convenicnt for practical design usc. these highly idealizcd models could lose
their accuracy when applied to some connections whose rigidities lie somewhere between
these two extremes. In fact. most of the so-called pinned connections possess some rigidity.
while the connections reg;trded as rigid orten show some l1exibility.

In view of the above. a consider~lble amount of study. as summarized by Jones el ClI.
(19M3). has been performed on the un;l1ysis of semi-rigid frumes: Romst~td ;lI1d Subramunian
(1970). Ackroyd (1979), Cook (19M3). Simitses and Vluhinos (19H4). Yu and Shunmugam
(\9M6). Lui and Chen (19H6). Goto and Chen (19H7b). Poggi and Zandonini (1987) and
Maaoluni (19M7). umong others. Since the moment-rotation relationships of connections
mostly exhibit nonline<lr behavior even at a low moment level. these studies usually consider
the m<lterial nonlinearity in connections. In addition to the nonlinearity ofconnections. the
geometrical nonlinearity has to he considered in order to analyze the stability of the frames.

The st;lbility of ;1 structural system is lost due to the existence of singular points on
the el{uilibrium puth. referred to as eriliCtlI [Joinl.~. i.e. hiiilrcalion [Joilll.l' und limit [Joilll.l'.
Thus. to assess the stability. the behavior of semi-rigid frumes has to be <lccurately analyzed
around these critical points. However. owing to the inelasticity of the connections. the
critical behavior of these frames is a/rected not only by the loading and unloading charac
teristics of connt.'Ctions at the critical points. but also by their 10;ld history up to these
critical points. Thus. the stability analysis of frames of this type becomes more complicated
compared with that of pinned or rigid frames.

The customary methods of ;lI1ulysis mostly usc the simple load-control incremental
method. with or without the Newton· Raphson iterative procedures <lnd no spt.'Ciul attention
is paid to the ~lI1alysis around the critical points. Consequently, customary methods cannot
even give accurate information about the limit-load instability. to say nothing about the
inelastic bifurcation. Furthermore. some buckling unalyses determine the bifurcation load
by using the secant stiffness. not the tangent stiffness of structural systems. thus yielding
inaccurate results.
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Fig. l. Coordinate system and physical quantities for a member.

Herein. we shall present a refined method which can analyze the inelastic critical
behavior of semi-rigid frames. with or without load history in connections. In the analysis
of nonlinear equilibrium paths. ex.cept bifurcation points. we shall employ here the incremen
tal arc-length method. combined with the Nell'ton-Raphwm iteratil'e procedllre. As already
confirmed by Riks (1979) in elastic systcms. this method can also remove the singularity at
the limit point in the analysis of semirigid framcs. At bifurcation points for perfect systems.
solutions however, have an inherent singularity .tnd this singularity of tangent stiffness
cannot he eliminated even by the usc of the arc-length method. Thus, we have developed
an accurate method which can not only identify the bifurcation point. but also trace the
bifurcation path. This method is rather simple because it only utilizes the tangent stiffness
equations along with Hill's theory of unillueness of elastic-plastic solids (Hill. 1958). The
present alwlysis further implements .t highly accurate connection model. based mainly on
the constitutive relations obtained from ex.periments. The connection model includes the
inelastic. cyclic behavior of semi-rigid beam-to-column connections.

Although the present an.tlysis considers the exact geometrical nonlinearity ofstructural
systems together with the material nonlinearity of connections. the nonlinearity due to
member plastilication is ignored for case of mathematical manipulation.

Using the present method. semi-rigid frames. with or without the load history in
connections. arc analyzed as numerical examples to investigate the inelastic. critical behavior
under vertical loads. As for the load history. the cylic wind load is considered here because
of its practical importance.

2. STIfFNESS AND TANGENT STIFFNESS fOR REAM·COLUMN MEMBER

In the derivation of the member stiffness equation, we adopt the governing differential
equations of nonlinear beam-columns (Goto and Chen. 1987a). where the moderate
rotations as well as the bowing of a member arc considered. Using the physical quantities
defined in Fig. I, the governing equ.ttions of nonlinear beam-columns are given by the
following.

Eqllilihrium {'qllatiolls

BOlllldary cOllditions

N' = o. (NI';,+MT+P.•. = 0

110 = 110(1 or N =n.N(I.

1'0 = 1'0/1 or NI';) + 1\4' = fI,S/I.

(Ia.b)
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(2a-e)

where ( )' denotes the differentiation with respect to x and n, takes the values of - I and
+ I. respectively, at nodes I and 2.

Constitutil'e equations

(3a.b)

In order to obtain the closed-form solution. only the y-component of a distributed
force. PI"' with constant magnitude is considered in eqns (Ia) and (I b) as the most important
component ofa distributed force. The solution so obtained is applicable to most rectangular
frames. Using the summation convention. the closed-form stiffness equation for beam
columns is given in the form

where

(Sa.b)

(6.1-0

All the coellidents of the stilfness equation arc functions of axial force N,. Spedfic'1I1y. K,f
and K'1k arc symmetric with respect to subscripts U. j) and U. k). respectively. The above
stilfness equation is essentially the same as that derived previously by the authors (Goto
and Chen. 19X7.1). The only dil1i:rence is that all the nodal force components. except the
axial force. arc elimin'lted on the right side ofe,,!n (4) for case of using the Newton -Raphson
itenltive procedures.

The closed-form solutions of bemn-eolumns can be expressed by either trigonometric
functions or hyperbolic functions according to whether the axial force is compressive or
tensile. Furthermore, when the axial force is zero. the above solutions become indefinite and
another solution. expressed by fourth-order polynomials. has to be used for this special
case. Thus. usually three kinds of stiffness equations have to be used. depending on the
value of the axial force. Such a procedure is cumbersome and the power-series expression
(Goto and Chen. 1987a.b) is therefore introduced here, considering that both trigonometric
functions and hyperbolic functions arc reduced to the S.lme expression:

(7a-e)

The adoption of the above series expansions reduces eqn (4) to exactly the same expression.
regardless of whether the axial force is tensile or compressive. Moreover. it is free from
numerical instability when the axial force approaches zero.

Jn order to carry out the Newton -Raphson itemtive procedure as well as to analyze
the critical points. the tangent stiffness equation is derived as follows from eqn (4). by
taking the increments ofJ~. c7, and p,:

(8)

where A);. A~ and Ap,. arc the increments of ft. Jj and p" .• respectively. and AKij and ACi

are given by
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Fig. 2. Modeling of connection: 0: c:\perimenlal value for lllp- and scat-angle connl'Ction (Hecht
mann and JOhllSllll. 11)47): -: modilied e:\poncntial model: k"l: inilial stitfncss.

f!J:" = (, + :.K"h ,7h+ fi,L" + K,( KI, + :.K1,h(7h+ti,L 1,)/( I - KI)'

t:..C, = L,,/7,+:'/i .. C,+K,(l:I,/7,+:'/i,Cr>/(I-Kr>.

..., dK'h 7 dK'h'" 7 7 - dL'h 7 _ dl:, .' dC,
1\,= IN- /,+ 1- (h/",+/' .. 1- (,+1' .. 1- +1';'IN~,'

l I l N, l N 1 l N, '

(9a.b)

( 10)

The coellicients of the tangent stilrness equation arc also expressed by the power series with
respect to the axi.1I force. for exa4.:tly the same reason as that explained in the derivation of
the stifrness equation. The det.ails of this closed-form tangent stif1'ness arc given elscwhcre
(Goto et a/.• 199 I).

3. MODELING OF CONNECTIONS UNDER CYCLIC LOADING

In this study. the scmi-rigid connection is reprcsented by a discrete, inelastic. rotational
spring. To express the nonlinear constitutive relations under monotonic lo'lding for the
virgin connections. the present analysis utilizes the modified exponential model (Chen and
Lui. 19S5; Chen and Kishi. 19S9) which curve-lits the experimental dat'l by a function of
the form

", "
M = kM(O,) = L A, {I -exp ( - O,/(2i£") J- + L R,J/(O, - T,)(O, - T,). (II)

I - I J'" I

where M is a connection moment and kM is a function of the relative rotation. 0,. of the
connection. A, and R, arc constants determined by the least squares method using exper
imental data. lI(x) is Heaviside's step function with respect to x. and c is a scaling factor
for the exponential function.

As shown in Fig. 2. the above model represents the nonlinear connection behavior
fairly well. Furthermore. this model is implemented in a data base program (Chen and
Kishi. 1989) and the constitutive relations based on this model are available for various
types of connections.

As for the connection behavior under cyclic loading. only few experimental data are
known. Thus. it is ditficult to usc the curve-fitting technique to represent the constitutive
relation. In our previous paper (Goto ('( a/.. 1989a. 1991). the independent hardening model
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Fig. 3. Schematic illustr;llion or bounding surface model.
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is adopted for simplicity to represent the inelastic behavior. Although this model can take
C.lre of the constitutive relation under one cycle ofloading. unloading and reversed loading.
the connection behavior under the repetition of the above Imlding cycle cannot be expressed
with acceptable m.:curacy. Thus. to overcome the deficiency of the independent hardening
model. we introduce here the bounding surface model presented by Dafalias and Popov
(1976) after the first unloading occurs. In this model, the plastic tangent stiffness k~ of the
connections is approximated by

(12)

where" is the hardening shape parameter; k~ is the slope of the bounding line and is
determined from the experiment under monotonic loading; c5 is the distance of the current
moment state from the corresponding bound; and c5in is the value of is at the initiation for
each loading process. These quantities are schematically shown in Fig. 3, using the moment
plastic rotation curve. From Fig. 3, the following relation holds

(13)

The plastic part Or of the relative rotation 0, can be expressed as below, utilizing the initial
stiffness kMI of the connections:

M
Op - 0-, - , k

MI
'

Note that the plastic tangent stiffness of moment-rotation curves can be expressed by

dM
dO P = k~.,

(14)

(15)

Equation (15) can be integrated after substituting eqns (12) and (13). Thus. the moment
rotation relation based on this model is finally derived as
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M = (kt -h)f)~ - c5in In [1 + (kttf)~ - M)/c5;n)' (16)

The hardening shape parameter h is determined from eqn (16) such that eqn (16) best
curve-fits the modified exponential model given by eqn (II). With the above connection
model. the tangent stiffness equations for connections are given by

t!,\/, = t!KMijt!XJ

t!KM11 = t!KM:: = -t!KM1 : = -t!K"I:' = t!kM

where t!kM is expressed as follows according to the loading states.

Continllolls loadillg or loading lip to tlte first IInloading

Unloadin9. recased loadiny or relo(/(Iin.'l

in which k1l.1I is the initial stitfness of the connection and k~, is given by eqn (12).

4. ANALYSIS OF INELASTIC CRITICAL BEllA VIOR

4.1. General

(17a,b)

( 18)

( 19)

Following the usual procedure in the matrix stilfm:ss method. the structuml stilfness
equation can be derived by assembling the member and connection stitfness equations.
respectively. given by eqns (4) and (II) or (16). The structural stilfness equation so derived
is nonlinear. and hence critical points may exist. i.e. bifurcation points and limit points, on
the equilibrium path. Thus. special attention h.IS to be paid to .1t1'llyze the behavior around
the critic'll points. since the structural t'lI1gent stiffness bt.-comes singular at these points.

In the analysis of the nonlinear equilibrium path. except for the bifurcation points, we
employ the arc-length method. As h.1S been confirmed in clastic systems, this method can
remove the singularity at the limit points, and the critical behavior around these points can
be analyzed with good accuracy. The arc-length method used here is a standard type and
no special explanation is made here. Ditferent from the incremental method used primarily
for the customary inelastic analysis. the present method further employs the Newton
Raphson iterative procedures in order to obtain convergent solutions. This is because the
inelastic M - Or relation is given in terms of the total quantities, as in eqns (II) and (16).

At the bifurcation points for perfect systems. the solution is inherently non unique, and
the singularity of the tangent stiffness matrix cannot be eliminated even by using the arc
length method. Comparing with elastic systems, the bifurcation behavior of semi-rigid
frames becomes much more complicated due to the inelastic behavior of connections. Thus,
up to the present time. there is no adequate numerical method available which can be used
to analyze this inebstic bifurcation of semi-rigid frames accumtely.

Herein. we shall present an accumte method which can not only identify the bifurcation
point. but .lIso tmce the bifurcation path. This method is simple because it only utilizes the
t'lI1gent stiffness equation along with the Hill's theory of uniqueness and stability for elastic
plastic solids (Hill, 1958). The above method will be explained in some detail in the
following.

4.2. Applicatioll of IlIIiquell£'ss criterion to hifurcation analysis

(a) Sufficient condition of IlIIiqueness expressed in matrix form. The bifurcation point
is interpreted as a point where the solution of the nonlinear stiffness equation ceases to be
unique for a given load condition. The sufficient condition of uniqueness is given by Hill



Critical bcnavior of semi-rigid frames 473

for elastic-plastic solids. Herein. first. we use the tangent stiffness matrix to express Hitrs
condition in a form that can be applied to the present matrix analysis. Next. this matrix
condition is reduced to a simpler form. taking into account the structural property of semi
rigid frames. Using this simplified form of the sufficient condition for uniqueness. the
bifurcation behavior of semi-rigid frames is then investigated theoretically.

For a structural system. it is assumed that the incremental stiffness equations on a
fundamental path and on a bifurcation path are respectively expressed as follows at a
bifurcation point:

(20a.b)

where superscripts f and b denote the quantities on the fundamental path and the bifurcation
path. respectively. and this notation is used hereinafter.

At the bifurcation point. both eqns (20a) and (20b) hold simultaneously. thus resulting
in the following equation:

(21 )

Multiplying (d~ -dll~) at both sides of eqn (21) yields

Equation (22) is the necessary condition for bifurcation to occur. Conversely. the sullicient
condition for the uniqueness of solutions can be expressed as follows. considering the
stability condition:

Arl >0. (23)

This crilerion corresponds to lIitrs condition expressed in terms of the tangent stiffness
matrix. Furthermore. eqn (22) can be rewritten in a more convenient and simpler form.
taking into account the structur;t1 property of semi-rigid frames. In the present structural
model. the inelastic behavior is considered only for connections. Thus. the second term on
the right-hand side of eqn (22) is simplified to

no

dn = (dll~-dll~)dKL(dll~-dll~)+ L (dk~.-dkL.)(dU~.-dU~.)dO~.. (24).-1
where dkM is the tangent stiffness ofa connection given by eqn (18) or (19). ;lI1d dO, is the
increment;t1 relative rotation of the connection. Subscript I! denotes the connection number
and 11" is the tot;1I number of connections. However. r on the right-hand side of eqn (24)
implies the summ;ltion from I to 11" with respect to the quantities with subscript e and the
summation convention is not applied within r.

Using eqns (22) and (24). the bifurcation behavior of perfect rectangular frames with
semi-rigid connections is examined in the following. Loading conditions considered here'
arc of two types. as illustrated in Fig. 4. One is distributed loads. applied vertically on
beams. and the other is concentrated loads on columns. Both arc increased monotonically
up to the bifurcation. These loading conditions are chosen from the consider;ltion of
practical importance in customary building frames.

(b) Bi/urcation c?f reclall.qular frames Ullclc'r distrihuted loacl~ Clpp!ied cm heClms. Based
on Hitrs condition. Hutchinson (1972) generally showed the inelastic bifurcation behavior
of clastic-plastic solids for the case when the parts of the solids that have currently yielded.
are loading along the fundamental equilibrium path in the din:ction of increasing external
load. Under the increase of the distributed load vertically applied on beams. it is clear that
all beam-to-column connnections in the present structures are in a loading state on the
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(a) Distributed loads applied on beams

HH
(b) Concentrated loads applied on columns

Fig. ~. L,'aJing cllnJitions of n:ct,angular framcs.

fundamcntal Clluilihriull1 path. Thus. thc prescnt scmi-rigid frames arc expected to exhibit
the samc hifurcation bchavior us gcncrully shown by Hutchinson.

I krcin. focusing on the connection behuvior. we shull exumine the specific bifurcation
phcnomcna of sl.:mi-rigid frames. Sim:c cqn (22) holds at bifun:ation. we can chl:ck the
huckling phcnomcnu by examining thc casc in whkh this cquation is satisfied.

Along thc fundamcntal equilihrium path. the connections of the present frames .In.:
loading .IS

(25)

Thus. the following condition holds from the constitutive model of connections. uccording
to whether the connections loud or unload ulong the bifurcation puth :

L\k~I,' = L\k~... for L\O~. ~ O.

L\k~I •. > L\k~,.. for L\O~.:::;; O.

Considering elJns (25) und (26). th... second t... rm of elJn (24) is positiv... or zero as

L (L\k~I .. -L\k~, .. )(MJ~,.-L\(}~ •. )L\{)~. ~ O.
" ·1

(26u)

(26b)

(27)

The.: clJuuls sign of the.: ubo'vc elJuution is possible whe.:n thc conncctions d.:form along the
bifurcation path in such a munner as

L\O~. ~ o. (28)

Noting thut L\I\;, is positive dcfinite below th... tangent modulus Imld determined by the
condition IL\I\:,I = O. th... tungent modulus load is the lowest load where eqn (24) becomes
7ero. This impli...s that the first possible bifurcation occurs at the tangent modulus load. In
this cas.... L\(}~. s'Itisfies cqn (28) and (L\II~ - L\1I~) coincides with the eigenvector of L\Kfj • This
bifurcation behavior of semi-rigid frames agrees exactly with the general notions given by
Hutchinson (1972). As the present semi-rigid frames exhibit the sway mode of buckling.
some connections load. whilst others unload along the bifurcation path. Thus. in view of
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eqn (:~8). the bifurcation of semi-rigid frames under the present load condition is char
acterized by the behavior that the increment of the relative rotation is zero in the unloading
connections at the instant of bifurcation.

(c) B(litrcation of rectanglliar frames IInder concentrated loads applied on coillmns.
Under the concentrated loads. it is convenient to classify the bifurcation behavior into two
cases. according to whether or not the connections load before bifurcation. In order for the
connections not to load before bifurcation. the ratio of the magnitude ofconcentrated loads
applied vertically on columns. has to coincide with that of the cross-sectional areas of the
corresponding columns. The connections usually load. except for the frames mentioned
above.

When the connections load before bifurcation. the bifurcation behavior of the present
structure is basically the same as that shown in Section 4.2(b) for the frames under
distributed loads applied on beams. Thus. we need only explain the case when the connections
do not load before bifurcation. In this case. both .1k~,•. and .1ktk take the same value. i.e.
the initial stiffness of the connections and the second term of eqn (24) becomes zero.
Accordingly. eqn (24) becomes zero at the tangent modulus load when (.1I1~ -.1u~) coincides
with the eigenvector of .1K~/ and bifurcation occurs at this load.

From the coincidence between .1k~,.. and .1kt,•.• the bifurcation phenomena in this case
is exactly the same as thut of clastic systems. As is well known. the bifurcation point of
c1<1stic rect<lngul<lr fr<lmes of concern is symmetric. where the bifurc<ltion occurs without
the ch<lnge of applied loads (Thompson <lnd Hunt. 1973; 8ritvcc. I(73). It should be noted
that a symmetric point ol h(jitrcatio1l (Thompson and Hunt. 1973) docs not necessarily
exhibit a symmetric bud ling mode of deform<ltion. <IS c<ln be seen from the SW<lY mode of
buckling in the present cuse. Noting the condition of .1K~, = .1K~, as well as the bifurc<ltion
phenornen<l that the <lpplied 10<lds do not change <It the instant of bifun:ation. cqn (20b) is
reduced to

(29)

From elfn (29). the im:rement<ll displacement .111~ <llong the bifurcation path is obtained as
the eigenvcctor of IiK~"

4.3. Numaiml method for hi/itrmtio1l "'1tI~I',\'i,\'

The present numerical method makes usc of the inform<ltion obtained in Section 4.2.
The bifurcation analysis consists of two steps. i.e. that of identifying <I bifurcution point
and of tr<lcing u bifurcution puth.

To identify the lowest possible bifurcution loud. first we culculute the tangent modulus
load. The t<lngent modulus loud corresponds to the singulur point where /.1K:·J I = O.
However. dil1i:rent from the limit 1'0i1lt. this singulurity. which is inherent. cunnot be
c1iminuted by the use of the urc-Iength method. In order to obt~lin the wngent modulus
lO<ld 'Iccurutcly. it is necess<lry to c<llcul<lte the displ<lcements on the fundamentul path up
to this 10<ld. For this purpose. we huvc to remove the singulurity at the wngent modulus
10<ld. Since this singul<lrity results from the existence of the sway mode of deformation. we
therefore restr~lin the frames such that they exhibit only the symmetrical mode of defor
mation. corresponding to the dcform<ltion on the fundamental equilibrium path. An exam
ple of this restraint is shown in Fig. 5. With this restraint. the displacements on the
fundamental path can be obtained without any dilliculty. even at the tangent modulus load.
Thus. using the displacements so obtained. we can accurately evaluate the value of I.1KrJ
From the condition I.1K fJI = O. the tangent modulus load c<ln be c<llculated with a required
accuracy. using the his('ctio/l lIlet/wcl.

Once the lowest bifurcation point is identified. a bifurcation path is traced from this
point.

If the connections load before bifurcation. initial incremental displacements along the
bifurcation path are determined by the fact that the increments of relative rotation are zero
in the unloading connections. at the instant of bifurcation. In the present numerical analysis.
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Fig. 5. Restraim:d model ror the analysis or rundamcntal equilihrium path.

we first assume the locations of the unloading connections to form the structural tangent
stiffness matrix /il\~,. at the instant of bifurcation. Then. using this tangent stiffness matrix.
we calculate /ill; under a load increment to evaluate the incremental relative rotations of
connections. This is to confirm the validity of the above assumption. If the calculated results
coincide exactly with the asumption. /ill; so obtained corresponds to the initial incremental
displacement along the bifurcation path. If there arc some dillcrences between the 'lssumption
and the c'llculated results. the assumption is modified until it agrees with the c'llculated
results. Since connections take either loading or unloading stilfness. all the possibilities
which need to be examined arc 2"' where " e is the total number of connections. In most
cases. the number of possibilities is considerably reduced by making usc of the information
abnutthe possihle huckling mode.

On the other hand. when the connections do not load hefore bifurcation. semi-rigid
rect;Ingular frames exhibit a symmctric' plli"t III' hi/itr('(/(illll at the tangent mndulus load.
Thus. similar to clastic systems. the bifurcation path can he traced using the eigenvector of
1\1\:, as the initial incn:lllental displacement.

Last but not least. if there is litlk difl'crence hetween the loading and the unloading
stiffness of connections. the value !.I.I\~, sometimes becomes numerically singular at the
tangent modulus load. As a result. we may experience some numerical dilliculty caused by
the ahove method. intended for the analysis of hiful'l:ation with unloading in connections.
More specifil:ally. this may happen in the analysis of frames under concentrated loads
applied on columns. In this c;tse. owing to the small axial deformation of columns. the
relative rotations of connections become small before bifun.:ation. which results in little
difference between the loading and unloading stiffness of connections. This in turn leads to
a bifurcation phenomena that is almost the same as that of the frames where connections
do not load before bifurcation. Thus. following the elastit: bifurt:;Ition analysis. the com
ponents of the eigenvector /il\:', arc used as trial int:remental displ;It:ements to obtain the
bifurt:ation path.

5. NUMERICAL EXAMPLE

5.1. Test frallles

Three types of rectangular frames with fixed base as shown in Fig. 6. arc analyzed to
show the validity of the proposed method as well as to examine their critit:al behavior.
These frames arc designed on the hasis of Type two construction in AISC/ASD (AISC.
1978) under the loads described in Table I. The design loads along with the height and bay
width of the frames under consideration. arc exactly the same as those of the two-story
single-bay frame shown hy Moncarz and Gerstk (1981). They chose the connections from
among the top. and seat angles tested by Heehtmann and Johnson (1947); Specimen No.
23 and No. 25 were selected respectively for the upper and lower heums. Herein. due to
la~k of information ahout Spe~imen No. 25 as well as for simpli~ity. Specimen No. 23 is
used for all connections throughout the frames. The moment-rotation curve for this con
nection under monotonit: loading is illustrated in Fig. 2. where the curve expressed by the
modified exponential model is also shown for comparison. The constants of the modified
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Ell =Ee =1.998.10 5 Mf>a

Fig. 6. Geometry of rectangular frames.

Tallie I. Applied loads

Dead I,'ad
(vertical)

.'I ~ ILl.'5 Ncm
or II..!~5 k:'ll cm 'of cach girder

Live load
(vertical)

I' ~ II.:!.N N cm : on Ihe lower 11I'or of the two-story frame only.
or 11.175 k N cm I of the lower grider

Wind load
(hori/onlal)

1\' 11.11'157 kN cm : which results in the cOIll:entrated 1I0or IO;lds;
11', 00 :!5.6 kN for the 1I00rs of the one-slory frames ;1I1l1 the lower 1I00lr oflhe Iwo-story frame,
11': '~ I:!.X kN ",r the upper lIoor of the two-story frame

Tallie :!, eonst;lIlls of nwdified exponential model

(' .=0 Il. I7.345,7511
"1, =0 0.15.077.9:!5 X 1fJ',

1I.6I<,6:!:!.477 x 10',
R, =0 0.1!l.:!!l9.11W x 10,

-0.74,457.301 X 10'.
-0.:!:!.747,:!53 x Ill·,
1', = 9.711

0.13,416,943 x 10"
0.15.71111,I.HJ6 x 10·

.-I, Ii = I 6). R, () := II; (kN. ml.e. 1', Ii = II: (radi;II1).

T;lhle 3. Constants of hounding surface model (kN. ml

H,'unding line:
Initial stilfness;
I (ardening sh;lpc parameter:

M = 1.!l:!9 Or + 102.7
k M , = 1~2.7

" := 21.34

exponential model nre summarized in Table 2. After u first unlonding occurs in the connec~

tion. the houllelill.CJ sur/lice moeld expluined previously in Section 3 is used. The hardening
shape parnmeter II. the initial stiffness kMI • and the equation for the bounding line are
determined as shown in Table 3. muking usc of the dahl for monotonic loading.

5.2. Frames lI'itholII loael history
We exuminc here the critical behavior of frames without the initial imperfection caused

by the history of cyclic wind load. To analyze the bifurcation of a perfect system. only the
vertical load is applied. As explained previously in Section 4.2. two types of vertical loads
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shown in Figs 7(a)-7(c) and Figs 7(a')-7(c') are taken into account from the consideration
of practical importance in customary building frames. One is the distributed load applied
on beams. and the other is the concentrated load on columns. In addition. the concentrated
horizontal loads with several magnitudes as indicated in Figs 7(a)-7(c) and Figs 7(a')-7(c')
are applied at each floor in order to investigate the transition of the critical behavior from
the perfect system to the imperfect one. In the imperfect system. a sequential loading is
considered. i.e. the horizontal loads are applied first. followed by the vertical loads. Since
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Fig. 7. Vertical·load vs horil.llntill·disrl<lcement relations for rectangular frames; p~m.. : maximum
load; Ptl : t<lngent mlldulus load: A: node whose horizontal disrlacement /I is shown; ~ : bifur
e.llion rl,int ; \l: limit point; • : cllnnection whose increment of rC\;ltive rolation b-.~omcs zero at
the inst<lnl of bifurcation: ----: equilibrium path of semi· rigid frame undcr distributed Imld.
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Fig. 7. C,l/Ilim1CcI,

thc .m;-lcngth mcthod is uscd in thc nunl\;ric<ll proccdurc. thc <lrc-Icngth of vertical-load vs
displ<lccment curve is incre<lscd 1110notonil.:<llIy in e<ldl 10'11I selluenl.:e.

The results of the nUl11eril.:<l1 <In<llysis <lrc illustwted in Figs 7(<1)' 7(e) <lnd ':jgs 7(<1')
7(l.:'). in terms of the vertil.:<lI-lo<ld vs horiLOntal-displ'll.:cl11ent rel'ltions. d<lssilicd according
to the types ofstruct ures .IS well <IS thc 10<lding conditions. For cOl11p<lrison. these ligures <I Iso
indude the post-bifurl.:<ltion equilihriullll.:urves of fWl11es with pinned or rigid wnnections.
together with those of fr<lmes with line<lrly elastk l.:onnections. The el;tstic l.:onstant for
these connections is determined such th<lt it coincides with the initi.a1 stiffness of the
connection curve as shown in Fig. 2. In Figs 7(,,')--7(c'). the curveS shown by brokcn lines
correspond to perfect systems under vertk"lIy distributed 10'lds and these curves arc •.Ilkkd
here to show the dilference due to the lo"ding condition.

First. we examine the critical beh"vior under the distributed IO<lds vertic'llly applied
to be'UIlS. From Figs 7(41) ·7(c). the chawcteristics of the lo"d -displ'lcement relations <Ire
almost the same. regardless of the types of structure. Perfect systems lirst exhibit bifurcation
at the t<lngent modulus 10'ld. However. ditferent from ehtstic rect<lngular fr<lmes with
pinned. rigid or line"r eI<lstk connections. the 10<ld increases continuously up to the limit
point in the post-bifurcation r<lnge. This post-bifurcation behavior quulit<ltivdy 'Igrees
with that predicted from the genentl theory (Hutchinson. 1972). In .111 imperli:ct systems.
although <I bifurc<ltion docs not occur. limit points of the s<lme type c<ln also be found on
the equilibrium path. These limit points arc loc'lted on a IO<ld level higher tlwn the tungent
modulus 10'ld. As theoretic<llly expl<lined in Section 4.2. the increment of the rel<ltivc
rotation becomcs zero in the unlo'lding connections. when the bifurc.ttion occurs ut the
tangent modulus 10<ld. This f<lct is conlirmed in the present an'llysis. The connections whose
incrcment'll relative rotation becomes zero are marked with • in Figs 7(<1) -7(c).

Next, we shall investigate the behavior of frames under the concentruted load vertic'llly
applied on columns. As can he seen from Figs 7(a')-7(c'). the chamcteristics of these load
displacement curves are rather dilferent from either those cases under distributed loads or
those with pinned rigid or linearly c1<1stic connections. That is. in the present c<lse. the 10<lds
applied to perfect systems drop dramatically after the bifurcation occurs at the tangent
modulus load. As for the irilpcrli:ct systems. although the limit-loud instability occurs as in
the previous e.lse under distributed loads. ull the maximum louds arc sm'lller than the
corresponding tungent modulus loads. These maximum loads arc lowered by the increase
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of lateral loads given as an initial imperfection. As the lateral displacemcnts increase. all
load-displacementcurves gradually approach the tangent modulus load of the frames under
distributed loads.

To summarize the above results. the critical behavior of semi-rigid frames is much
influenced by the vertical load conditions. This is quite different from the bchavior of
customary frames with rigid or pinned joints. In the following. we shall explain why the
critical behavior of semi-rigid frames is so much influenccd by the loading conditions.
Since this influence is most evident in a perfect system. a perfect system is used here for
explanation.

If the distributed loads are applied on beams. the connections are loaded. This loading
continuously reduces the tangent stiffness of these connections up to the bifurcation point.
However. once the bifurcation occurs. some of the connections unload and their stiffness
increases and consequently. the vertical loads increase even after bifurcation. On the other
hand. when the concentrated loads are applied to columns. connections are not loaded
before bifurcation. thus resulting in no reduction in stiffness. Therefore. these bifurcation
loads coincide with those of the frames with linearly elastic connections. whose clastic
constant corresponds to the initial stiffness of the connection curve. However. whcn bifur
cation occurs. the connections suddenly deform. Due to the nonlinear property of the
connection curve in Fig. 2. this deformation reduces the connection stiffness. thus resulting
in instability just afler the bifurcation.

5.3. Frames Il"itll IIistory I~r ('ydie lI'i"clloaci
Since the beam-to-column connections exhibit inelastic behavior. the critical behavior

of frames with a history of cyclic wind load is expected to behave differently from that
without it.

llerein. prior to the application of cyclic wind load. the vertical load. either distributed
or concentrated. is increased to its design level as shown in Table I. Since the design load
is not given for concentrated loads vertically applied on columns. this load is determined
in such a way that the total valuc of thc concentrated load coincides with that of the
distributed dcsign load. Thc history of cyclic wind load is given in the following manner.
First. the horizontal wind load is increased monotonically up to the maximum value and
then reduced to zero. Next. the wind direction is reversed and this load is applied from the
opposite side in a similar manner. This wind cycle is repeated until the hysteresis loops of
wnnections become convergent. In the present wind cyclcs. two amplitudes arc considered.
One corresponds to the design wind load in Table I and the other is twice this value. Figures
8(a) and 8(a') show how these hysteresis loops of semi-rigid connections bt.'Come convergent
under the present cyclic wind loads. Herein. for simplicity. we only show the results for
port.1I frumes under cyclic wind loads with a larger amplitude. From Figs 8(a) and 8(a').
it can be seen that the convergence of hysteresis loops dilfers according to whether the
vertical load is applied to columns or to beams. That is. the hysteresis loops for the latter
case converge slower than those for the former. This tendency is .\Iso observed in other
frames.

To examine the critical behavior. the vertical load is increased from the design load
level after the removal of the wind load. Similar to the .lI1ulysis of frames without load
history. the arc-h:ngth of the vertical load -displacement curve is increased monotonically.
The vertical-load vs horizontal-displacement relations obtained from the present analysis
arc illustrated in Figs 9(a) ·9(c) and Figs 9(<I')-9(c'). classified in u similar manner to that
of Figs 7(u)-7(c) .lI1d Figs 7(a')-7(c'). For comparison. the results for the perfect system
without load history are also shown in these ligures.

As can be seen from these figures. the load history caused by the wind load has a
significant intluence on the critical behavior of frames with concentrated loads. applied
vertically to columns. Due to the initial imperfection resulting from a load history. these
fmmes only exhibit the limit loacl instahility similar to the imperfect system in Figs 7(a')
7(c'). This limit load is located at the load levcllowcr than thc bifurcation point ofa perfect
system. This tendency becomes more pronounced as the amplitude of the cyclic wind
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load becomes large. However. with the increase in horizontal displacements. the load
displacement curves rapidly approach those of perfect systems.

In contrast to the above case. most of the load---<iisplacement curves of frames under
distributed load are the sume. regardless of whether the frames have loud history or not.
One e:\ccption is the example of one-story. two-bay frame. In this cuse. the bifurcation does
not occur due to the imperfection caused by the load history. However. even for this case,
its load-displacement curve almost coincides with that of a perfect system. The critical
behavior of the other frames is not inl1uenced by their load history, That is. in spite ofa load
history. the portal fr.ll11e as well as the two-story. one-bay frame exhibit both bifurcation and
limit load instability. coim:ident exactly with that of the corresponding perfect systems with
virgin connections. In the above cases. the imperli.'Ction caused by the cyclic wind load is
gradu.l1ly reduced with an increase in the distributed load applied on beams. and almost
completely disappears before bifurcation occurs. This can be explained further in the
following.

From the constitutive relation in Fig. 2. the tangent stilTness of connections decreases
with an increase in applied moment. This implies that the increment of moment is more rapid
in connections with less deformation. In other words. a connection with less deformation.
deforms with a higher rate than that with a larger deformation. As a result. with an increase
of the loads applied to beams. the deformations of frames are adjusted naturally such that
they become symmetric. thus resulting in a perfect system.

6. CONCLUDING REMARKS

In this paper. we have presented an accurate. yet simple method that can be used to
analyze the inelastic critical behavior of semi-rigid frames, with special emphasis on bifur
cation and limit-load instability.

Using the proposed method, the critical behavior of several rectangular frames with
semi-rigid connections is accurately analyzed. In the present analysis. we have also inves
tigated the effects of imperfections due to a history of cylic wind load on the critical
behavior.

We have found that the buckling of semi-rigid frames is greatly influenced by the
vertical load conditions. This is quite different from the customary frames with pinned,
rigid or linearly elastic connections.

[f the concentrated loads arc applied vertically on columns. the loads of a perfect
system drop dramatically after bifurcation and the frame loses its stability. Furthermore.
the frame under this load condition is very sensitive to its imperfections, i.e. the imperfection
due to horizontal loads and the imperfection resulting from a history of cyclic wind loads.
These imperfections considerably reduce the maximum value of vertical loads.
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In contrast to the above case, if distributed loads are vertically applied on beams, the
loads of a perfect system increase even after bifurcation, and the frame does not lose its
stability until the loads reach their limit point. In addition, the frame is less influenced by
its imperfections. Specifically. the imperfection caused by a history of cyclic wind loads
almost completely disappears in a semi-rigid frame before bifurcation occurs. and its critical
behavior virtually coincides with that of a perfect system with virgin connections.
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